Retrieving the mass of a gravitational-wave (GW) source is a difficult problem because it is degenerate with redshift. In astronomy three types of redshift exist, namely cosmological, Doppler, and gravitational redshift, but the latter two are often neglected in the analysis of GW data. Motivated by recent proposals that the binary black hole (BH) mergers detected by the Laser Interferometer GW Observatory (LIGO) could have happened in the vicinity of supermassive BHs (SMBHs), we study the effects of Doppler and gravitational redshifts on GWs. We find that they together can contribute an effective redshift as large as 1.9 (1 + z) 3.4 if a merger happens between the innermost stable circular orbit and the innermost bound one of a SMBH. Consequently, the "redshift mass" extracted from GW data is greater than the intrinsic, rest mass of the source by the same factor. Neglecting these effects would result in an overestimation of the distance of the source. Our results imply that BHs of 10 M⊙ could masquerade as much bigger ones if they merge close to SMBHs. Distinguishing them requires simultaneous observation of GWs in both (10 − 10
Introduction.-The Laser Interferometer Gravitationalwave Observatory (LIGO) has detected gravitational waves (GWs) from merging stellar-mass black holes (BHs) [1] [2] [3] . These detections prove that astrophysical BHs exist and behave the same way as general relativity predicts. However, a somewhat surprising result is that for the very first event, GW150914, a mass of about 30 M ⊙ is inferred for each BH from the chirp signal [1] . This value is three times greater than the canonical 10 M ⊙ of those BHs previously found in X-ray binaries [4, 5] .
If 30 M ⊙ is the intrinsic (rest) mass, this result not only confirms earlier suggestions that GW observation is biased towards detecting high-mass BHs ( [6, 7] and references therein), but also has important implications for the formation and growth of these BHs. The possibilities include (i) a suppression of the wind of the progenitor stars due to either low metallicity or strong magnetic field (e.g. [8] [9] [10] ), (ii) formation of primordial BHs in the early universe [11] [12] [13] , and (iii) rapid growth of stellarmass BHs that are trapped in the accretion disks of active galactic nuclei (AGNs) [14, 15] .
On the other hand, it is well-known that the only mass scale that can be extracted from GW signals is the "redshift mass", which is greater than the intrinsic (rest) mass of the source by a redshift factor of 1 + z [16, 17] . Such a degeneracy between mass and redshift reflects the principle that in general relativity there is no absolute mass or length scale.
In conventional astronomy, by observing light waves, people have discovered three types of redshift 1 , namely cosmological, Doppler, and gravitational redshift. All three of them, in principle, can affect observations of GWs, but so far only cosmological redshift has been considered in the analysis of LIGO data [3, 18] . The other two have been thought insignificant because in the conventional view of star formation and evolution, BH binaries (BHBs) form either in the disks and bulges of galaxies, or in star clusters, neither of which has very deep gravitational potential or could induce large-enough velocity to the center-of-mass (COM) of a binary (see [6] for a review).
However, this view is no longer complete. Several instances of recent progress in astrophysics suggest that mergers of BHBs could be enhanced in a place very close to a supermassive BH (SMBH). Such BHs typically have a mass of 10 6 M ⊙ and have been found in the centers of many galaxies [19] . The enhancement is caused by (i) a large escape velocity for compact objects [20] , (ii) a high concentration of stellar-mass BHs due to a mass-segregation effect in the vicinity of a SMBH [21] [22] [23] [24] [25] [26] , (iii) perturbation of binary orbits by the tidal force of the SMBH [27] [28] [29] [30] [31] [32] [33] [34] [35] , and (iv) hydrodynamical drags on binary members if there is an accretion disk surrounding the SMBH [14, 15] .
For these mergers, gravitational redshift potentially could be of order unity because of the proximity to a SMBH. Moreover, the COM of a binary would move at a significant fraction of the speed of light, c, if it approaches as close as several Schwarzschild radii of the SMBH, and in this case the Doppler redshift also becomes large. Therefore, the effects on GWs would differ significantly from those have been shown in the limit of low speed and shallow potential [36] [37] [38] . It is unclear how such extreme redshifts would affect GW signals or the interpretation of them. Here we address this issue.
Effects of redshift on GWs.-In GW astronomy, the observables are the amplitude h (in two polarizations), frequency f , and the rate at which the signal chirpsḟ . If space-time is flat without redshift effect, one can infer from f andḟ an intrinsic mass scale for the system,
where we have adopted the convention G = c = 1. This is known as the "chirp mass" because it determines how the frequency increases with time. Theoretically, it depends on the masses of the two BHs, i.e. m 1 and m 2 , as
Together with the other observable h, one can further infer the distance of the source,
(e.g. [39] ), where, again, the space-time is flat without redshift effect. Redshift, by definition, reduces the frequency of a wave from a value of f , measured close to the source, to a value of f o = f (1 + z) −1 , where the subscript o indicates a quantity measured in the rest frame of an observer. Correspondingly, the chirp rate changes fromḟ toḟ o = f (1 + z) −2 , where the additional (1 + z) factor comes from time dilation. As a result, the chirp mass M o which observers construct from f o andḟ o changes to
It is greater than the intrinsic one, which is a well-known effect and applies to all kinds of redshift.
On the other hand, the GW amplitude detected by an observe, h o , depends on the type of redshift. Later in this paper we will see the difference between the three aforementioned redshifts, but for now we note that the distance inferred from only the observables,
also depends on the type of redshift and in general does not necessarily reflect the real distance of the source. In the following we will derive the relationship between h o and h for different types of redshift, and analyze the difference in d o .
(1) Cosmological redshift: The expansion of the universe causes a redshift, z cos , which is an increasing function of the comoving distance d C between source and observer. The GW amplitude damps linearly with d C , so given the intrinsic properties (M, f ) of the source we have
for the observer.
Using the last equation to replace h o in Equation (5) and noticing that (a)
Therefore, we recover the classical notion that GW data encode the luminosity distance of the source [16] .
(2) Doppler redshift: Motion of a wave-generating source along the line-of-sight (LOS) of an observer also causes a shift of the observed wave frequency. It will be a redshift if the source is receding relative to the observer. Here we consider a simple case to illustrate the effect on GWs, where the COM of a BH binary is moving at a constant velocity of v away from an observer. According to special relativity, the redshift defined by f /f o is
where β = v/c and γ = (1−β 2 ) −1/2 is the Lorentz factor. It has been shown that relative motion shifts GW frequencies but at liner order does not affect the amplitude [40] . Based on this result, h o is equal to that h in Equation (3), i.e. the same as the GW amplitude in the rest frame of the source, only that the distance d is framedependent in special relativity. Following the same analysis of the phenomenon of length contraction, we find that the "proper" distance measured in the observer's frame, d o,p , is equal to d/γ, with d the distance in the source frame. Therefore, we find the follow relation
which leads to
Therefore, if Doppler effect causes the redshift, the apparent distance d o derived from GWs is greater than the intrinsic one, d o,p . (3) Gravitational redshift: Waves originating from a place deep in a gravitational potential also get redshifted. Since we are interested in GWs from the vicinity of a SMBH, our gravitational potential reduces to that of a point mass with M 3 10 6 M ⊙ . The space-time surrounding it can be described by the Schwarzschild metric assuming the simple case that the hole is not rotating. In the Schwarzschild coordinates we assume that our GW source, i.e. a stellar-mass BH binary, resides at a radius of r = r s . In the following we restrict our discussions to r s > 4M 3 , because it is a limit imposed by the innermost bound orbit [41] .
To derive the redshift of GWs, we first notice that M 3 is much greater than the total mass of the binary, m 12 := m 1 + m 2 , which is about 20 M ⊙ if we adopt the canonical value for BHs in X-ray binaries. In fact, we normally have M 3 /m 12 > 10
4 . This disproportion has two consequences that significantly simplify our problem.
First, since we are interested in the GWs emitted during the last few cycles of a merger-the first LIGO BHBs entered the detection band when their semi-major axes were a 10m 12 [1-3]-we are in a regime where the curvature radius of the background space-time, ρ ∼ r 3 s /M 3 > 8M 3 (as derived in [42] and consider r s > 4M 3 ), is more than 10 4 times greater than the wavelength of the gravitational radiation, which is comparable to a. Second, the waveform of the merger stretches over a time interval of ∆t ∼ 2π a 3 /m 12 , which corresponds to a length of ∆l = c∆t. This length is only a fraction of ∆l/(2M 3 ) π √ 10 3 (m 12 /M 3 ) 0.0020 of the length scale of the Schwarzschild metric, i.e. 2M 3 .
Therefore, we are in a short-wave limit where GWs propagate in the same way as light waves [43] . So we can use the redshift for photons,
to link the GW frequencies between the source and an observer at infinity ("final observer" hereafter). The last equation is appropriate only for the case in which the source and observer are on the same side of the SMBH. Otherwise, the GWs have to circle around the SMBH to get to the observer, in which case the waves could have reached a closer distance to the SMBH. Strong lensing effect is expected in the latter case, but our analytical scheme cannot treat it properly. Therefore, take the simple case for illustrative purposes, we have
As for the GW amplitude, it would be easier to understand our result if one first considers an intermediate observer at a radial offset of ∆r ∼ 10 2 m 12 from the COM of the binary. This offset is much larger than the source size and hence the wave front is not any more subject to distortion by the source-the wave is fully developed [44] . Because ∆r/(2M 3 ) 50(m 12 /M 3 ) 10 −3 , this is in fact a small offset relative to the length scale of the coordinates, so that for now the redshift of GWs is insignificant. On the other hand, the corresponding proper distance, ∆d ≃ ∆r/ 1 − 2M 3 /r s < √ 2∆r, is only a small fraction of 10 −3 of the curvature radius ρ, and hence the intermediate observer is conducting an observation in an effectively flat space-time. The small redshift and the flatness of space-time suggest that the GW amplitude at the location of this observer is equivalent to h ≃ 4(M/∆d)(πf M) 2/3 . As the wave passes the intermediate observer and propagates towards the final observer, the amplitude decreases linearly with proper distance. Therefore, given the coordinate radius of the final observer r o , and assuming again a simple configuration that the source and the two observers are on the same side of the SMBH and aligned in the same radial direction, we can calculate the proper distance d o,p = ro rs (dr/ 1 − 2M 3 /r) and derive the observed amplitude with h o = h(∆d/d o,p ). This leads to
In astrophysical reality, final observes, e.g. us on the earth, are far from SMBHs, i.e. r o ≫ r s and r o ≫ M 3 . We are allowed to use the approximation d o,p ≃ r o , so that in the end the GW amplitude in Equation (12) does not contain any imprint of a Schwarzschild metric. This is caused by the vast space between an observer and GW sources, which diminishes the effect on length scales induced by the Schwarzschild geometry close to a SMBH. For this reason, the final GW amplitude h o is not sensitive to the angular coordinates of the source relative to the SMBH, as long as the radial coordinate r s is fixed and the source is in front of the SMBH (on the closer side of the SMBH relative to the observer).
To complete our analysis, we use Equation (12) to replace h o in Equation (5) and we find
Therefore, the apparent distance d o is greater than the proper one d o,p if gravitational potential is the major cause of redshift. Total redshift in the vicinity of SMBHs.-In real astrophysical environments, there are two ways of delivering binaries-initially far away from a SMBH-to the vicinity of it: (a) via migration in an accretion disk surrounding the SMBH [14, 15] and (b) due to scatter by other stars or massive objects to an orbit of low angular momentum (e.g. [45] ).
The smallest distance that a BHB can get to, in many cases, is determined by the Hills limit [46] : The selfgravity of the binary should exceed the tidal force of the SMBH. However, since we are interested BHBs with a 10m 12 , i.e. the last few cycles before merger when LIGO could detect them, we find that these binaries cannot be tidally disrupted anywhere outside the event horizon of a Schwarzschild SMBH, where we can use F t = M 3 a/r 3 s to approximate the tidal force of the SMBH (e.g. [46, 47] ).
The lower limit to r s , therefore, is imposed by the innermost stable orbit around SMBH. In case (a) it is the innermost stable circular orbit (ISCO), i.e. r s = 6M 3 assuming non-rotating BHs [48] , and in case (b) the innermost bound orbit (IBO), i.e. r s = 4M 3 [41] .
If we consider a BHB at r s = 6M 3 , which corresponds to the limiting case for mergers happening inside accretion disks, we find an circular velocity of v ≃ c/ √ 6 ≃ 0.408c in Keplerian approximation. Such a velocity, according to Equation (8), can induce a redshift as large as 1 + z dop ≃ 1.54, if the velocity vector is pointing away from us. On the other hand, the gravitational redshift is 1 + z gra ≃ 1.22 according to Equation (11), which is derived assuming that the source is in front of the SMBH.
The total redshift, defined by (1 + z) := f /f o , has two parts: (i) a product of the previous two, i.e. (1 + z dop )(1 + z gra ) ≃ 1.89, and (ii) a factor to correct for any misalignment between the LOS and the velocity (or position) vector of the COM of the binary. The correction factor is not necessarily small: Imagine a binary whose velocity vector is pointing towards the observer, in which case the Doppler effect will lead to a blue-shift, or a merger happening behind a SMBH so that the GWs have to circle around the SMBH to get to the observer (lensing effect). Careful calculations have to be carried out in the future. However, at least in our simple case where the binary is in front of the SMBH (close to the observer) and the velocity vector has a large component along the LOS, we know that (1 + z) ≃ 1.89.
Apart from the redshift effect, other types of distortion of GW waveforms caused by the SMBH are relatively weak. (i) The effect of tidal force is negligible. This is so because the duration of the merger, i.e. ∆t as is derived before, is much shorter than the timescale for tidal force to change the orbital elements, τ ∼ m 12 /a/F t : The latter is at least 10 −2 (M 3 /m 12 ) 2 ≃ 10 8 times longer in our problem, which has r s = 6M 3 , a 10m 12 , and M 3 10 6 M ⊙ .
(ii) The perturbation on the phase of GW signals is also insignificant. In principle a timedependent gravitational potential can cause a phase drift [36] [37] [38] . But in our case, the merger time ∆t is very short, such that during this interval the COM of the binary shifts by only a length of v∆t 230m 12 , which is more than 400 times smaller than the length scale 2M 3 of the local metric. We note that phase drift becomes important only when M 3 10 4 M ⊙ , because the ratio v∆t/(2M 3 ) becomes greater than 0.2. But for our problem of M 3 10 6 M ⊙ , the background is essentially adiabatic.
Therefore, from the point of view of observation, our BHB of m 1 = m 2 = 10 M ⊙ is indistinguishable from that of m 1 ≃ m 2 ≃ 19 M ⊙ . Furthermore, by comparing Equations (10) and (13), we find that Doppler effect is the major source of confusion in the measurement of distance. If an observer attributes erroneously all its effect to cosmological redshift, the observer would overestimate the distance of the GW source, in the worst-case scenario (when z cos ≪ 1), by a factor of (1 − v/c) −1 ≃ 1.69. On the other hand, for a BHB falling towards a SMBH along a parabolic orbit, we use the limit r s = 4M 3 , and find a maximum velocity of c/ √ 2 ≃ 0.707c at the pericenter passage. Correspondingly, the Doppler redshift increases to 1 + z dop ≃ 2.41, and the gravitational one becomes 1 + z gra ≃ 1.41. The effective redshift, in the simple configuration described above, increases to (1 + z dop )(1 + z gra ) ≃ 3.41. In this case, neglecting Doppler and gravitational redshifts would result in an overestimation of the masses of the BHs by a factor as large as 3.41, and an overestimation of the source distance by a factor as large as (1 − v/c) −1 ≃ 3.41. Discussions.-Although so far there is no strong evidence supporting that any LIGO event comes from the vicinity of a SMBH, the large redshift mass of GW150914 relative to the canonical 10 M ⊙ in X-ray binaries [4, 5] hints at this possibility and motivates us to investigate the consequences.
GW150914 last about 0.2 s during which the GW frequency increased to 150 Hz. A chirp mass of M o ≃ 30 M ⊙ has been derived, and to explain the peak frequency the two BHs should be of similar masses (see [1] for details). In the light of our earlier analysis, the information above provides a redshift mass of m 1 (1 + z) ≃ m 2 (1 + z) ≃ 30 M ⊙ for the system, but the source of the redshift cannot be extracted directly from the signal.
If the redshift is cosmological, we now know that the distance d o derived from f o ,ḟ o , and h o is identical to the luminosity distance, and it has been shown that in this case d L ≃ 400 Mpc [18] . The corresponding redshift, z cos ≃ 0.1, is small. For this reason, the rest masses of the BHs in GW150914 are thought to be m 1 ≃ m 2 ≃ 30 M ⊙ .
On the other hand, if other types of redshift are predominant, bringing the rest mass of GW150914 to the canonical value requires an effective redshift of 1 + z ≃ 3. Such a redshift, according to our results, is plausible if the merger happened between the ISCO and IBO of a SMBH. Even if the chances for such an event to happen may be small, we find it difficult to completely exclude this possibility because of the degeneracy between mass and Doppler/gravitational redshift, as we have elaborated above.
However, future space-borne GW observatories, by joining observations with LIGO and other ground-based ones, in principle, could shed light on the true nature of these GW events with big redshift masses, provided that more of them are to be discovered. If they are indeed produced by mergers of stellar-mass BHBs around SMBHs, in addition to the 10 − 10
2 Hz GWs, they should also emit low-frequency GWs in the same time, as a result of the orbital motion of the binaries around the SMBHs.
This configuration of a light body orbiting a massive one is similar to one type of GW sources known as the "extreme mass ratio inspiral" (EMRI, see Ref. [49] for a review). Using our fiducial values of m 12 = 20 M ⊙ and M 3 = 10 6 M ⊙ for such an EMRI, we derive a chirp mass of about 1500 M ⊙ and a GW frequency of O(10 −3 ) Hz for r s = (4 − 6)M 3 . This frequency falls in the band of the Laser Interferometer Space Antenna (LISA, [50] ). According to its designed sensitivity of about h ∼ 10
and using Equation (3), we find that LISA can detect such EMRIs out to a luminosity distance of about 1 Gpc. Many of these EMRIs can be detected with high signalto-noise ratio, e.g. better than 30 [51] , so that it is possible to pinpoint their sky positions with an accuracy of a few degrees [52] . On the other hand, an array of several ground-based detectors are likely to exist in the future to observe high-frequency GWs emitted by BHBs. They in combination can achieve a similar horizon (detection) distance and a similar accuracy in sky position [53] .
Detection of an EMRI by LISA in the same sky position and around the same time of a LIGO event would be the smoking-gun evidence that mergers of BHBs do happen in the vicinity of SMBHs.
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